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Intraband polarization as the source of degenerate four-wave mixing signals in asymmetric
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We have developed a formalism for calculating the coherent response of asymmetric semiconductor quan-
tum well structures to ultrashort optical pulses. We work in an excitonic basis and include exciton-exciton
interactions via the long-wavelength portion of the excitonic intraband polarization. We apply this formalism to
the calculation of degenerate four-wave mixing intensities of a biased semiconductor superlattice and find that
many aspects of the four-wave mixing signals are most naturally interpreted as directly resulting from the
scattering of excitons off of the intraband polarization grating. We furthermore develop an extremely accurate
method of factoring the dynamical equations that does not suffer from the problem encountered by the
semiconductor Bloch equations in the Hartree-Fock approximation.
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[. INTRODUCTION within the HF approximation neglect the crucial electron-
hole correlations within an exciton when carried out beyond
There has been considerable interest over the past Ifist order in the optical electric fieRi*°~*The DCT theory
years or so in the stationary states and dynamics of electrorm® the other hand can in principle treat all correlations ex-
and holes in biased semiconductor superlatti@SSL’s), actly to any desired order in the optical field. However, one
coupled double quantum well€EDQW'’s), and other asym- key difficulty that arises in a DCT calculation is the treat-
metric quantum well structurgdQWS’s). This interest has ment of the exciton-excitorfXX) Coulomb interaction. A
been generated both by the ability to investigate fundamentakalistic evaluation of the Coulomb matrix elements is ex-
questions of semiconductor physics in systems in which théremely computationally intensive. As a result, most DCT
configuration can be specifically tailored, and by the possicalculations employ some sort of simplification. The most
bility of developing new semiconductor devices. Initially common simplifications are to treat the system in a quasi-1D
both the experimental and theoretical interest centered on thepproximatior’,®1°-1216.1tg employ a contact or on-site po-
existence and nature of the stationary states in these systenential for the Coulomb interaction between carriet8or to
More recently work has been focused on the coherent dyintroduce effective interaction parametétsThis makes it
namics of the optically generated carriers. Tieabanddy-  computationally feasible to include additional features in the
namics have been examined through the direct detection shodel such as disordé'® and electron-phonon
the THz field generated by the oscillating electronic waveinteractions Thus, DCT has been successfully employed to
packets created via short-pulse excitation, wihileerband  calculate the interband polarization up to fifth order in the
dynamics have been investigated through pump-probe exaptical field in bulk semiconductors and single quantum
periments and time-integrated, time-resolved, and spectraliwells1??° |t has also been employed to calculate the intra-
resolved degenerate four-wave mixil@FWM) experi- band polarization of CDQW’'s and BSSL's to second
ments. Although it is generally recognized that there is necerder:**® However, to our knowledge, DCT has never been
essarily a strong connection between the intraband and inteased to calculate the third order interband polarization in
band polarization dynamics in these systems, the precissuch complicated ASQW'’s with or without simplifying the
nature of this relationship is not always apparent in the the€Coulomb interaction.
oretical formalisms used to date to treat them. In this work There have been a large number of papers demonstrating
we show that in AQWS's, the intraband polarization is thethat the inclusion of carrier-carrier correlations are important
dominant source of the DFWM and pump-probe signals. in the calculation of DFWM signals in bulk semiconductors
The most common approaches that have been used in tlaad quantum well§81°-1215-1 these papers it is shown
past to treat the dynamics of electrons and holes near thiat SBE’s in the HF approximation lead to errors even to
semiconductor bandedge are the semiconductor Bloch equaecond order in the optical field. One of the key features
tions (SBE’9),~* and various forms of the dynamics con- missing from the Hartree-Fock approximation is the correla-
trolled truncation(DCT) theory’~® The SBE's have been tion between the electron and hole within a single exciton.
used successfully to describe a wide range of experimentdlhis correlation is missing essentially because these equa-
results, including the ac Stark effect and Rabi oscillatiohs. tions employ a free electron-hole basis to perform the calcu-
They have the advantage that when used in the Hartree-Fodition. Hence when the HF factoring is performed, the cor-
(HF) approximation, they are in principle non-perturbative inrelations between the electron and hole inside the exciton are
the optical field. In has been shown, however, that the SBE’s0t treated correctly. This intraexcitonic correlation is auto-
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matically incorporated into any theory that employs an exci4ics in periodic structures in dc electric fields, and in part due
tonic basis. to the clear signatures of interband and intraband dynamics
The excitonic basis has been employed by a number ah these systems. The electronic stationary states in a peri-
author$*82122|n particular, it has been used to investigate odic potential with period in the presence of an external dc
the intraband dynamics of CDQW®Ref. 18§ and BSSL's electric fieldEy; are localized in a one-band approximation
(Ref. 14 to second order. To treat interactions to third orderand have energies,=E,+enE.d, wheren is an integef>
and beyond requires the evaluation of exciton-exciton interThese equally spaced states form the so-called Wannier Stark
actions. This has been done in the excitonic basis for a singledder(WSL) in the BSSL; they were first evidenced experi-
quantum well in a magnetic fieft. However, the treatment mentally by Mendezet al,?® and have been theoretically
of more complicated systems such as an AQWS to thirdreated with the inclusion of excitonic effects by a number of
order can become very computationally intensive if one doeguthors>’~°

not find an efficient way of dealing with the exciton-exciton ~ Shortly after the experimental observation of the WSL
interactions. It is with this aim in mind that this work has States, the dynamical behavior of excitons in BSSL's were

been performed. investigated both theoreticaftyy and experimentally?—® It
In this paper we present a new formalism for the calculanas long been predict&tthat the centroid of electronic wave

tion of DFWM and pump-probe signals in AQWS's. The two packets in a periodic potential with an external electric field
key features of our approach are tlgat it employs an exci- will undergo periodic oscillations with a freq“er.‘%
tonic basis that includes the center-of-méssn) wave vec- —edEc/Ai. These are the well known Bloch oscillations

tor of the excitons and2) it expresses the interexcitonic (Bl?l)g:z)-,o;:l:nﬁart?nwBelSctigﬁich?a\jreeq:?:Eg%/s; (:E;(np%re'rrlfgg’t‘gﬁ in
interaction in terms of the intraband polarization in the long- 9 P

L Cintra . n undoped BSSL by using an ultrashort 100 fs) across-
wavelength limitP". As discussed above, the advantage szti)andgap optical pulse. This results in the creation of a Bloch-

the excitonic basis is that it ensures that electron-hole Corredscillating electron-hole wave packet that is a coherent su-
lations within an exciton are treated correctly. Furthermore erposition of excitonic WSL statds-3 The evidence for

keeping track of the c.m. wave vectors of the excitons allowsoch.oscillating wave packets has been obtained either
us to determl_ne_ wh_|ch terms m_our_dynamlcal equation CONthrough time-integrated degenerate four-wave mixing
tribute to radiation in a given direction. (DFWM) signals®2%338the direct detection of the THz field

We base our excitonic tggory on the quasi-Bosonic réatyenerated by the oscillating excitonic intraband dipBler
ment of Hawton and Nelsonthat has been used sUCCeSS-yhrq,gh oscillations of the excitonic peaks in spectrally re-

fully in the calculation of the second-order intraband polar-g,;ed DEWM experiment®37

ization of a BSSL: The treatment of the interexcitonic ~ T, date, there have been few calculations of DFWM sig-
interaction viaP~"® neglects XX correlations and treats XX ngjs for biased superlattices. Some of the earliest calculations
interactions in the dipole approximation. In a systeith  of pFywMm signals in a BSSL were done by Von Plessen and
inversion symmetry, such as a bulk semiconductor, the intefryoma<?® This work presented the first prediction that the
excitonic interaction would be zero in the dipole approxima—signature of BO would appear in the DFWM signals. These
tion (P2"=0), and the interaction would then be governedcalculations were performed on the basis of noninteracting
entirely by XX correlation§'%~'>*>"*"and perhaps biexci- electrons and holes; they thus ignored excitonic effects,
tonic effects’®** However, in AQWS's, due to the broken which are very important in these systems as it is excitons
symmetry of the system, a large macroscopic intraband pahat are predominantly created. Some later theories have in-
larization PZ" generally arises. The contribution B to  cluded excitonic effects in a phenomenological way by treat-
the interexcitonic interactions is thus dominant over anying the BSSL as a sort of generic multilevel syst%”rﬂ'.he
short-range interexcitonic Coulomb effects arising from XXBSSL has also been modeled using the SBE’s in the HF
correlations. It is therefore a very good approximation toapproximatiorf!=#4 As discussed above, such calculations
neglect the XX correlations in AQWS'’s, as we do in this neglect the intraexcitonic electron-hole correlations, which
work. have been shown to be very important in this systérOur

The XX interaction is incorporated in the Hamiltonian by work is the first calculation of the DFWM signals in a BSSL
expressing the long-wavelength portion of the Coulomb inthat includes both the intraexcitonic electron-hole correlation
teraction as a spatial integral ovBf". P, The Hamil-  along with the XX interaction. We find that the DFWM sig-
tonian is written in an excitonic basis and used to obtain thenals are most naturally seen as the result of excitons scatter-
equations of motion for exciton correlation functions that areing off of the grating created by the intraband polarization.
then used to calculate the DFWM signal to third order in the The paper is organized as follows. In Sec. Il we write the
optical field. This result is obtained in the spirit of DCT Hamiltonian in terms of exciton annihilation and creation
without factorization. We show, however, that a factorizationoperators, external fields and excitonic polarization. In Sec.
at the level of the XX interactions is possible that yieldslll we derive the equations of motion for the exciton opera-
almost identical results to the unfactored equations. tors in the Heisenberg picture. We use these to obtain a sys-

To provide a concrete system with which to demonstrateéem of equations for the phenomenologically damped corre-
our approach we calculate the DFWM signals from a BSSLlation functions that give the DFWM and pump-probe
This is an interesting system in part because of the longignals to third order. In Sec. IV we present a factored ver-
history of investigations into the electron states and dynamsion of the equations. In Sec. V we present the results of
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numerical calculations of intraband polarization and time- Calculating Pﬁx(r) exactly is clearly an extremely de-
resolved and time-integrated DFWM signals for a BSSL. Wemanding task; instead, we look for a suitable approximation.
present our conclusions in Sec. VI. There are two key pieces that we need to include in the
expression forVg,,. First, it must accurately contain the
Coulomb interaction between an electron and hole within a
single exciton. Second, it must include the major contribu-
In this section we obtain a Hamiltonian describing exci-tion to the interaction between excitons. For the DFWM ex-
tons in an AQWS in the presence of optical and THz electrigperiments considered in this work, the optical field that cre-
fields. We include explicitly in our Hamiltonian only the ates the excitons consists of two pulses with central angular
electrons in the highest energy valence bé&iB) miniband  frequencieswo., amplitudesk;, and wave vector; for i
and the lowest energy conduction bai@B) miniband. From ={1,2.. Because we wish to calculate the generated THz
here on we call these the system electrons. We treat the ele@diation and DFWM signals, we are interested in the portion
tric field effects of any chargeons and electronghat are  ©Of the polarization created by these optical pulses that varies
not included inU®(r) by introducing an effective static di- ©N length scales on the order of the optical wavelength or
electric constant in the usual way. Thus we take the ac larger. The wavelengths of these modes are thus large rela-

electric field(optical plus TH2 seen by the system electrons Evetrtﬁa tgfcistigr? ggrrerggilﬂ;d excitons, which is given roughly
E=Dle, to arise from externally applied fields as modified y 0

. . X - For the experiments that we are interested in modelling,
by &=e(1+x) wherey is the electric susceptibility of the . o iton-exciton correlatior(s.qg., biexcitonic effecisare

backgrgund charges. Using the usual dipole approxmaﬂoHot considered to be particularly important. We thus treat the
for the interaction of the system electrons withthe Hamil-  coylomp interaction between carriers in the long-wavelength
tonian can be written in the form limit as follows. We break the integral ovérin Eq. (2.5

into an integral near the origin & space(long-wavelength

Il. THE EXCITON HAMILTONIAN

2
Pe i i
H= E o +US(r,) +VCoul_f 43 E(r,t)- PEA(r 1), portion) and an integral over the rest of the space. Thus
“ ¢ (2.1) Veou= Vlong+ Vshort- (2.9
We then form electron-hole pairs labeled bpyand extract
where from V., the pieces which contain the interaction between

the electron and hole within each pair. As is shown in Ap-
(2.2 pendix A, onlyVg,o,; contributes to the electron-hole interac-
' tion within each exciton. The remaining portion of the Cou-
lomb interactionV,,4 can be written simply as
is the screened Coulomb energy, including the self-energy 1
Ve of each of the system electrons aR® is the polariza- j 3p oex ex
L . ) Viona=5— | >R PZ(R)-PZ(R), 2.
tion due to the system electrofexcitons. The subscript long™ 2¢ <I(R)-P<(R) @7
labels the system electron with momentpp and position  \\para Pe<x’”(R) is the longitudinal part of the excitonic po-

Mo '!'he mass Of. the electron s, and its charge is- e..The. larization in the long-wavelength approximation. The Hamil-
applied ac field is the sum of a THz field and an optical f'eldtonian thus becomes

e2

— self
VCOUI Z. Va +a¢ﬁ 87rs|ra—r3|

— THz + op . .
E(r,t)=E™2(r,t)+ E°P{(r,1) (2.3 HeS Hix—f R E(R) P(R)
In what follows, the time dependence in the electric field and Y
polarization is implicit and will not usually be explicitly in- 1
cluded. The screened Coulomb energy can be writtéh as + Zf d°R P |(R)-PZ(R), (2.9

€ whereH®* is defined b
VcouIZEJ d’r Ef(l’), 2.4 v y
2
p“ ex
2m. +U ‘(ra)} :

where E|(r) is the longitudinal component of the electric Ey: [Hix_vshort]zza:
field arising from the system electrons. The electric field sat- )
isfiesD=¢E+ P Since the system is globally neutral, the AS is discussed at the end of Appendix A, we can safely
longitudinal part of the displacement field is zero, and it thugePlaceVsnorin the definition ofHI* by the full Vo as long
follows that plTX(r): —eE|(r), wherePﬁx(r) is the longitu-  as the sy_stgm is large compgred to thfe excnon_ Bohr radius;
dinal portion of the exciton polarization. Using this result,we thus,H5"is indeed the usual single-exciton Hamiltonian. We
obtain show in Appendix A that in the long-wavelength limit, the
spatial dependence in the polarization arises from the center-
1 3 ex o 1 3 Lex 12 of-mass spatial position of the excitons. Therefore, the inte-
VcouI:Zf d’r P(r)-PP(r) = Zf d>k| PP(k)|?, gration variableR in Eq. (2.8) is simply the exciton center of
(2.5 mass position.
The excitonic polarization can be written as the sum of
wherePﬁ’X(k) is the Fourier transform ﬁx(r). interband and intraband polarizatiofsee Appendix B The
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longitudinal polarization in Eqg(2.8) contains both the inter- _

band polarization P™(R), and intraband polarization E(R)=; Exe' R (212
PM"3(R) contributions. However, as is shown in Appendix A,

the interband contribution to this polarization is generally|n the long-wavelength limit, therefore, the polarization can
negligible. In addition, because in practice the extent of theyiso be written as a discrete Fourier series that will contain
AQWS in thez direction is much less than the spatial period\yave-vectors such a¢;, K,, and K,—K,, etc. Thus we

of the intraband polarization, we can repla%‘E‘(R) inthe  write

last term in the Hamiltonian by the full mtraband polariza-

tion arising from the excitons. Thus, the Hamiltonian be- K<Kwm
comes P_(R)= >, eXRp, (2.13
K
H=3 Ho- [ FRER)P.(R where -
7 P =P+ PR, (2.14
1 _ . , .
+ ZJ d°R PZ(R)-PI™(R), (29 pitter and P are theKth Fourier components of the inter-

‘ . band and intraband polarizations, respectively, and the sum is
where P_(R)=P"™(R) + P™¥R). Note thatE(R) in the only over small wave vectorK |<|K | for |Ky|<2m/ay.
above Hamiltonian does not include any static external biads is shown in Appendix B, the intraband component in the
fields, as these have been incorporated into the potential etsual dipole approximation is given by
ergy in HY'. The third term in Eq.(2.9) contains the XX
Coulomb Interactions in the long-wavelength limit.

We now wish to write the Hamiltonian in second-
quantized form. As in earlier work, we employ a basis of
excitonic states in the presence of the external dc electrigshere
field E4.. The envelope functions for these states can be
written in the form

1
P',Qtersz [M,Bl +M%B, ], (2.15
y7

MMZMO\/KJ dZy} o(r=0;Z,z=0)  (2.16
e kIR
W k(Tesrn)= TX#»Kz(r” 2,2), (210 s the interband dipole matrix element, wit® being the

bulk interband dipole matrix element. The intraband compo-

whereu represents the quantum numbers of internal motionpent of the polarization again in the dipole approximation is

K=(Kj,K,) is the center of mass wave vector(r|,2) is given by

the electron-hole separatioR=(R|,Z) is the position of the

center of mass of the excitoA, is the transverse area of the

structure, andyM,KZ(r” ;Z,2) is the usual envelope function

for the internal motion and center-of-mass motion in the

direction?” In this basis, the noninteracting exciton Hamil- where

tonian in second-quantized form can be written as

intra__
Prire=

<l k

> B! «Bukek (217
KI

o

Guu= —eJ’Vd?’refvdgrh\If;O(re ) (Fe= )W o(reirhn)
(2.18

whereB],  is the creation operator for a exciton with center s the intraband dipole matrix element between two excitonic
of maSS Wave vectoK, internal quantum numberﬂ and states. Equaﬂon@ 15— (2 17) are genera| However, as is
enefgyﬁwﬂ- Because the optical photon momenta are s@jiscussed in Appendix B, E@2.18 is only valid for bound
small, the wave vectors of the optically excited excitons will excitons. The more general expression for bound and un-
also be small. Thus in the following, we shall employ the pound excitons is given in Appendix B.
approximationw —w}KL == . The only way to generate The Hamiltonian is thus finally given simply by
larger momentum excnons is through scattering, and since
these will not contribute directly to the polarization, we ne- L
glect them in this work. " intra mintr
For the two-pulse DFWM experiments that we are mod- H=Hg"+V ; Bk Pet ZP—tKa' R
elling, the incident optical fields of pulse 1 and pulse 2 have (2.19
definite wave vector&; andK, respectively. Furthermore,
we consider applied THz fields that also have a definite wav®ne key feature of this Hamiltonian is its dependence on on
vector. Thus, the total applied ac field can be written as diskK. This is important if one is to calculate the nonlinear in-
crete Fourier series in the form tensity propagating in a particular direction; for example, the

eX—E fiwiB! (B, (2.11

K<Kpy
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electric field of the DFWM signal propagating in the<2
— K direction is proportional tcp';;ez[,(l. Thus, it is essen-
tial that we keep track of the different Fourier components of
the polarization in our calculation. This is analogous to the
spatial Fourier expansion approach employed by previous
author§’ when employing the SBE’s. Without keeping track
of the exciton c.m. momenta, we find that there arises an
ambiguity as to which terms should be kept when expandin
to a given order in the optical fieltsee Sec. I\

We stress that the Hamiltonian as derived above is gener
and may be applied to any AQWS. For infinite superlattices
or multiple quantum well structures, the c.m. wave vettor [B'
is three dimensional. However, for a finite superlattice or
nonperiodic AQWSK is restricted to the plane perpendicu-
lar to the growth axisX-y plane and the internal quantum
numberu is taken to include the c.m. motion of the excitons
in the z direction.

IIl. EXCITON DYNAMICS

Now that we have the Hamiltonian for the system of in—[
teracting excitons in external optical and THz fields, we can
determine the dynamics by: finding the excitonic stationary
states and energy levels, calculating the equations of motion
for the relevant correlation functions, and then calculating
the time dependence of the nonlinear polarization. We asth

Ko
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_ﬁdBT
SO,

=[B},« . H§I-V> E_y:-[B] «.Pc']
K!

+ _ 2 {Pmt}r(a/ [B,u " , |ntr

+ [BM Ko :Qt,ra] Plntra} (31)

%\fter substitution of Eqs(2.15 and(2.17), the second com-
Dutator in Eq.(3.1) becomes

Pq/]1= Z M?,[B]«.B

k]

1
+v E G:U“ MHB ’K”[BMK’ H'KH_'_K!].
“w M” K"

(3.2

As has been shown by Hawton and Nelédthe commu-

tators for the excitonic operators take the form

t
BMrK ,BM/'K/]Z 5IL'M’5K,K’

—2 > xie st

i

e second term in Eq3.3) is simply the effect of phase-

niBurk. (3.3

sume that the excitonic states have been calculated and n@pace filling (PSP and quantifies the degree to which the

proceed with determining the dynamical equations.

excitons deviate from ideal Bosons. Putting the above three

Using the Hamiltonian glven by E¢2.19, the equations  equations together and neglecting nonresonant terms in the

of motioni#dB}, (/dt=[B \ ,H] become

mwK

usual rotatlng wave apprOX|mat|0n we obtain

dB!
; mwK t opt THz t t t
it — g = —hw,B) FERCME+ X ELG G B t2 X o, XE KB Bl Bk
’ K/ n " K/
w w o
n .K/+K” K
opt K’ Kot THz M , T
_2 2 E—pK’.M XM Mw B WKB#H‘K!_Z 2 E_K,'GM!‘MHX T BM,’K"
#/ #/’ n K’ - I_L N
whop " KK
T 1
B Bty S GG SEL Bl B o)
eV —K’
/L’ ,,U«",,um”K K
2 ///r/:u K/ K" K t
+
_|_W 2 2 2 G L G mn w)( o ” B ’K"B,U- —K!'+K"» ‘B ”’"KWB ""KB#//I’K,+K,,/}7
K K” K”/ I,L )

mm me o mn
m

A TR N TR

(3.9

where S{A;B}=3{AB+BA} is a symmetrizer. In fact, one

can show that in the limit of a large systert-Go), the

see that the order of the exciton operators in the above ex-
pression is of no consequence and the symmetrizers can be

symmetrization is unnecessary, as the extra terms that afgnored.

added all go to zero ag—<0. As a result of this, it is easy to

We stress that the treatment of the XX interaction in the

035329-5



M. M. DIGNAM AND M. HAWTON PHYSICAL REVIEW B 67, 035329 (2003

long-wavelength limit is very different than the HF approxi-  From the above results, we can easily derive the equations
mation employed in the SBE approach. In the language enmsf motion for the correlation functions required to calculate
ployed by many authors?!9-*215"1the HF approximation the DFWM signal in the R,—K, direction. Neglecting
includes only first order Coulomb effects, and misses oupropagation effects within the structure in the usual way,
higher correlations. In those works, it is often found that thethe DFWM opticalfield in the 2K ,— K direction to third

higher correlations largely cancel out the effects of the firs s Qi i inter(3)
or%er Coulomb terms.gThye same separation of Coulomb e}_)rder _IS smply pr@orﬂo_nal .t@ZKzf.Kl' Thus th_e DFWM
fects is not exhibited within our formalism, as we explicitly '"€NSIy in ) this d?!re;cnon s proportional  to
include electron-hole correlations within excitons and On|y|(1N)2MMM<BH~2K2—K1>( )|?, where the superscript (3) de-
neglect small-wavelength XX correlations. Thus, our ap-notes third order in the optical fields. Note that our notation
proach includes many of the higher-order correlations disis that the order of a given correlation function is usually
cussed in work by previous authors. simply given by the number of exciton operators in the func-
We now use the above dynamic equation to obtain thejon. When this is not the case, the order of the function is
expressions for the interband and intraband correlation funcgiven as a superscript, as, for example, in the case of
tions up to third order in the optical field. The time deriva- <BL,2K2—K1>(3)- Thus the DFWM signal is determined by the

tives of the operator prod_ucts can be obtained by SImIOI¥jynamical equation for the creation operator for the excitons
using the product rule of differential calculus and E8}4). moving in the X,— K, direction. From Eq(3.4), the equa-
To obtain the expectation values, we employ phenomeno: . 2 Gt 3) ; e

on of motion for(B,, », k)™ is

. : i
logical damping to account for processes such as carnent—
carrier scattering, electron-phonon interactions, impurities,
and defects. We consider now the case where there are two

optical pulses with central frequenay, and with wave vec- (B, k)
tors K; andK, incident on the superlattice. Thus, the total IhT
external optical field is given by
i(Kq-R i(Ko R =—|hol+ ' (BT )3
E%P{(R,t)=E,(t)e'K1R~ect) 4 £ (t)el(KaR-oc) 4 ¢ ¢, = CuT T2 | \PraKyKy
(3.5 m
so that we have 1 T t
- W , 2” ” GM/’M//' G:U'Wuu<B/-LvazB:u,szB:U'”vK1>
’ I AN
E%%(D=EF(t)e'“e. (3.6)
THz, t (3)
We consider a THz field with a single wave veckof. Now, +E ; GM’vM<Bu’,2Kz—K1> ' (3.9

|K1|<|K4],|K,| and there is a spread in the wave vectors of
the optical pulses associated with the finite dimensions of the
beams. Thug,K | is much less than the standard deviationsEquation(3.9) depends explicitly upon the third-order corre-
of the optical pulses and so we negléGt in the remainder |ation function<BLm K BL, K B;u',K1>; the equation of mo-
of the paper and set tion of (81, B', . B, ) depends(eith licit

wr ik, Bur ik, Burk, pends(either explicitly or
implicitly) upon the second and first order correlation func-

Ex (1) =8k oE™(1). @7 T t ot t t
_ _ ' _ tions (B, «,Bur k,)r (Buic,Bprk,)r (Buk,) and(By ).
Using these expressions for the external ac fields, we obtaifihe equations of motion for these correlation functions are

the equations of motion for the correlation functions up toeasily derived from Eq(3.4) by using the product rule. The
third order in the optical field. The matrix that quantifies PSF_ 5y . . .
T,.77 in Eq. (3.9 are the phenomenological time constants

is given by® ) -5 . ) :
9 y associated with interband dephasing. This and the time con-
stants associated with the other correlations functions are dis-
X";f"if’K’~X“;/"i,9‘0= Ok g’ 0 u Ok 0 cussed_ in Se_c. V. Notg that many of the terms found in Eq.
e e ; i e T (3.4—including terms in the sums ovér’ andK”—are not
(3.8 found in Eq.(3.9 because they are necessarily higher than

Because the momenta of the optically created excitons artlg'rd order in the optical field. As we show below, this is not

WK . the case for the third-order equations {&, ,)®) for all K.
small, and the dependenceXf;” ;" onK andK" is very There are a number of interesting features contained in

weak, we have neglected tie dependence in the final ex- Eq.(3.9). First, this equation does not contain any PSF terms
pression. To simplify notation, we shall denopef;;/’",,, (either explicitly or implicitly). This arises because PSF does
— x4 00 g now on. In the above expression for not result in a change in the exciton momentum. As a.result
m ’ PSF does not occur until fifth order for DFWM calculations.
XZ;,,M},(,)’O, the y{~* are the expansion coefficients of the ex- It has been noted by previous authors employing the SBE’s
citon envelope functionW¥ , «(re;ry), in the free electron-  (Ref. 44 that the PSF is very small in this system. However,
hole basis, as described in Appendix B. here we show that to third order it is rigorously zero. The
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ability to determine that PSF does not contribute to the thirdsignal in a pump-probe experiment. For example, to third

order DFWM signal is due entirely to the fact that we keeporder in the optical fields, the dynamic equation for the cor-

track of the c.m. wave vectors of the excitons. relation function needed to calculate the pump-probe signal
It is interesting to note that PSF does contribute to then the K, direction is

d<BL K2>(3) . + ’ + t
; ' 3 TH 3 ,
ih—gr = fio, +T(1) (B k)P +E™ E Guru(Br )P +2 E fiw Xl (B Bl Bur k)
o " i=1,2
_ % plwct px oy i t _ »TH K
2 2 Efelect- M7 X2 (B ¢ Bur k) — 2ET > GurwX ",
w'ou p"i=12 ” w7
“ MH MI”/L I 1,2
.
t _ , T T
X <BMW"KZB/‘"KiB'U’W'Ki> SV S~ Gl-",uU«” G'U’W’IU‘<BM/"aKzBM’xKiBNH‘Ki>. (31@
whop =12

In addition to the last term that describes excitons scatteringomputational effort in the unfactored equations. Through
off of the grating created via the intraband polarization therghe factoring procedure, the physics of the source term for

are also a number of PSF terrtierms contammg»(ﬂ,, “). the DFWM signal in the K,—K direction becomes clear:

Although most of these PSF terms can be shown to be ned['® €xcitons optically created with wave vectoy are scat-
ligible, the third term may not be. This term is essentially ered by the grating created by the intraband cross polariza-

giving the renormalization of the exciton energy due to PSHION With wave vectorik,—K, that arises from the excitons
and may be large at high densities. created by the two pulses. Th|s term is identical in form to

the term that arises from the interaction with the THz field,
with the main differences being the order and wave vector of
the (BT, ) factor and the source of the THz field. In the
A simplified version of the dynamical equations for next sectlon we will show that this factoring procedure can
DFWM or pump-probe signals arises if one is willing to be very accurate.
assume that the triple-operator correlation functions can be
factored. This factoring results in a considerable decrease in
computational time and also leads to improved physical in-

sight into the dynamical equations. The system that we shall model in all of the following is
We factorize <BL”’,KnBL',KiBM” k) into <BT, k) @ GaAs/GgAlyAs superlattice with well widths of 67 A
x(B", B ) or 8", . ><BT, KB, ). The justifica- and barrier widths of 17 A This is the structure of the su-
) . o T + perlattice which was studied in many recent DFWM
tion for this factorization as Opposed B,k B k)  experiment$®"The physical parameters used to model the
X<BM”,K,-> lies in the physical meaning QBLH',KnBu",KQ as System(effective masses, band off sets, g#are the same as

- - 7 1 _
an intraband correlation function. This will be nonzero eventhose employed in a number of earlier wofks! The elec

o t _ tron miniband width for this system is approximatehy,
when only one exciton is present, wheréBg,, « B, «)iS  _3g mey while the heavy-hole miniband width i,
associated with biexcitons which are not important in this=3 meV. The calculations are all done for a dc electric field
system. of Egq.=15 kV/cm and no THz fieldE™?=0). This gives a
We consider the equation of motion f¢B], 5« )®  free-particle Bloch oscillation period ofry=328 fs, with
which yields the DFWM signal. Using the factorization corresponding WSL level spacing biwg=12.6 meV.
(BT,,, K, BT, kBurk >=<BT, X )(BT,,, k. Burk > the second In general, the quantum number of internal motjoria-
,mra(z) + bels both the state of motion along the superlattice éxis
last term in Eq @. 9) becomesE 2 ’GM B k) citonic WSL indey as well as the in-plane motion. In this
where E"(2)= — 1/¢(PP"a(2)) js 5|mply the Kth Fourier work, we consider the response due only ® Heavy-hole
component of the THz field generated by the intraband poexcitons. Although the light hole excitons and excitons with
larization to second order. As a result of the factoring, we ndiigher in-plane energy are included in our formalism, to sim-
longer need to compute <BM K2 M, K, ) or plify the calculations we neglect these here; when the exci-
. tation is performed with the exciting laser centered below the
<BM K,B u’ K, Burk,). This results in a huge reduct|on Of center of the excitonic WSLd.<wg), it has been shown
computanonal time, as it is the calculation of that the effect of the these other states is sitdallhe basis
(B! "'K1> that requires the vast majority of the set used in the calculation of the excitonic states is the so-

IV. FACTORED DYNAMICAL EQUATIONS

V. NUMERICAL RESULTS

MKZ /.L’K
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10—+ 17—+ 7 agree with recent experimental resdftsThe interband
u=-1 dephasing timd@ () =T,y is set to a value of 1 péndepen-
:'g‘ 0.8 1=0 dent of x and K), while the intraband dephasing time
g ) TfijsTmna is given a value of 1.5 psindependent of
& i H w,pu', andK). The other dephasing times cannot be so eas-
E 0.6 - ily gathered from experiment. For the dephasing tiﬁﬁftﬁlL
g associated with<BL'KZBL,‘KZBM,,VK1>, unless otherwise
= 04 stated, we use the value that one would obtain in a factored
5 approximationT(?2P —T(22D fact "\ yare
b jy '
2 0.
< 11,1 5.0
(221) fact T, T - .
0.0 - : I l - - TML'M” inter intra
-3 -2 -1 0 1 2 3 Similarly, we use the result for the factored expression for
B . (22) : ; T t .
(o-e)o, the dephasing timel "/, associated WItNBMszBM',KQ'
T gt et \ypere T2 1T Of course, this

- : My [ M '
FIG. 1. The calculated absorption spectr(solid) of the 67/17  chpice of dephasing times will affect the results and will give
superlattice under a bias of 15 kV/cm. Superimposed upon the SPefhe best agreement between the factored and unfactored re-

trum (dashedl is the power spectrum of the exciting pulse when its 2)
central frequency is at thee=0 exciton WSL frequency sults. However, as we show shortly, the vaIueTé)jM, has

= wy). The quantum numbex of the excitonic WSL state associ- practically no effect on the results whep,>0. Although it
ated with each peak is given above the peak. is not clear exactly what value should be usedT MIL
we find that essentially the only effect on the time-integrated

called two-well exciton basis that we have employed in aDFWM signal of changing this time constant is to change the
number of earlier work&*?"**This basis set takes account overall intensity of the signal with no significant change in
of the exact Coulomb interaction between the electrons anthe dependence orp,. Of course, when the factored equa-
holes and has been shown to produce accurate excitonic etiens are used, the only dephasing times that enter the equa-
ergy levels and oscillator strengtffsin performing this cal-  tions are the interband and intraband dephasing times.
culation, we employ a basis set of 11 two-well states ranging In calculating the DFWM intensities, we make the stan-
in electron-hole separation from5d to +5d. We find that  dard approximation and neglect propagation effects. This is
extending the basis set has negligible effect on any of th&alid as long as the number of periods of the superlattice is
results presented here. not too large. In this approximation the DFWM intensity is

In Fig. 1 we plot the linear absorption spectrum due to thesimply proportional to the absolute value squared of the ex-
1s excitons in this structure under the 15 kV/cm bias. Thepectation value of the third-order interband polarization with
absorption peaks are labeled by the quantum numpbef  wave vector X,—Kj.
the excitonic WSL state associated with each peak. For such In Fig. 2 we plot the time integrated degenerate four-wave
dc field strengths, this quantum number can be thought of amixing (TIFWM) intensity as a function of the time delay
the excitonic analog of the WSL index for the single- 7,; between pulse 2 and pulse 1. This is plotted for six dif-
particle WSL; thus the electron-hole separation in zh@i-  ferent central laser frequencies. In each plot, we present the
rection is given approximately byd.?” Also shown on the results from the unfactoredsolid) and factored(dashed
plot is the power spectrum of one of the exciting pulsesequations. As can be seen, the results from the factored equa-
when it is centered on the=0 WSL state—that is when tions are essentially identical to those of the unfactored equa-
W= wo. tions. In most cases, the two lines cannot even be distin-

The experiments being modeled are DFWM experimentsguished on this scale.
where two pulses are incident on the sample with wave vec- To make a fair comparison between factored and unfac-
torsK, andK,, with pulse peaks arriving at timeg and 7, tored results, we must look at the effect of the values used

respectively, with a temporal separatiop,=7,— 7. The  for the time constantd*?, and T(ZZ}L,, on the results. In
pulses are Gaussian, with a temporal FWHM of 90sisec- Fig. 3 we plot the TIFWM signal for the case.= »_, using
tral FWHM of 20 meV. The central frequency of the pulses iha factored and unfactored equations. If Fig)3we exam-
is denoted byw. . This takes on different values in the vari- ine the effect off® on the TIEWM signal. As can be seen

Iculations present low, but is alw hosen o : ; .
?huast a(ja ng O<j pV?/Zesete?hg?n(t)erllsiiat; ofstr?e t\allv%spzlgsstost%e factored equations yield almost identical results Agr
—2 e =2 =0, but the rise time of the signal can differ considerably

be equal and we fix the photoexcited exciton density per 22) _ (22) fact
superlattice period to be #cm 2 in all instances. This is [0 7220 whenT, "/, is far from being equal td /™"
accomplished by adjusting the optical pulse peak intensit)The measurement of the rise time could thus be used to pro-
for the pulses. vide a sensitive measure of the best value T/ffri) The

The phenomenological dephasing times are chosen tpublished experimental TIFWM data fat,,<0 in BSSL's
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TIDFWM Intensity

TIDFWM Intensity

TIDFWM Intensity

1 It
21’8 ‘5211’53

FIG. 2. The calculated TIFWM intensity as a function of the
time delay 7,, between pulse 2 and pulse 1 for different central
frequencies of the exciting laser. The different plots correspond to
central frequencies dB) w.=w_», (b) w.=w_4, (C) w.= wg, (d)
we.=wot+ w3, (6) w.=w, 1, (f) o.=w,,. In each plot, the solid
curve is the result using the full dynamical equations, while the
dashed curve is the result using the factored equations. The scale is
the same for all plots, and the solid square in each plot marks the -2 0 2 4 6
maximum intensity found whem.=w_». (b) T It

TIDFWM Intensity

do not extend far enough in time to obtain a sensitive mea- FIG. 3. The calculated TIFWM intensity as a function of the
sure of this rise timé® However, it is clear from this data time delayr,; between pulse 2 and pulse 1 fog=w_, for differ-

that T%?, is not much greater thafi‘*?,”®, otherwise the ~ent choices of time constants. (@) we plot curves wherT??,
My " !

i ) ) (22) faci (22) fact . (22) fact
signals forr,;<0 would be much stronger. Also, one would t@kes the value's(fzéﬁ, 72(§S§?h?01 T, (solid), and 2",
. .. _ act
not expect a shorter time tha'lfi),famas this is a measure of (dotted, whereT ' ,=T > ™ in all cases. Ir(b) we plot curves

. . . i . . 221 221) f 22]) f
exciton-exciton correlations. Thus, it appears from that availwhen T72) , takes the valuesT'.;) /2 (dasheg TC7) ™
able data thaT ?2, ~ 722 foct (solid), and 2r?2D 3 (dotted, whereT?2, = T2 Btin gl cases.

. . (221) To aid in the comparison ifb), we have shifted the curves verti-
In F'g'_ 3b), we e>.(am|ne the effect OTM’M” on the cally such that they all coincide a,= 0 (see text the inset shows
TIFWM signal. In the inset to Fig.(®), we have plotted the the curves before shifting.

TIFWM signal for w,=w_, for three different values of

(221) . . (221) . _
L The main effect of changlngw,ﬂ,, is to change ¢, de are affected byf,f'liw but that the general “shape” of

the overall intensity of the signal. Thus, to aid in the COM-y,q gjgnal is relatively insensitive to this time constant.
parison, in the main part of Fig.(8), we have multiplied Returning to Fig. £a), where w.=w_, we see the ex-
curves(a) and(c) by factors of 3 and 1/2.6 so as to make all o 1o oscillations in the intensity that are associated with
curves equal at»;=0. As can be seen the agreement be-g5 449 have been experimentally observed by many
tween the three curves is excellent. Thus, apart from an ovel ih,3233.38450 5 the central laser frequency is increased
all intensity (which is extremely difficult to measurethe 0 peak intensity of the TIFWM signal decread@gs. ’
factored equations always give excellent results for positiveé(b)’ 2(c), and Zd)]. This decrease arises becauseithe-
time delays and thus our picture of the intraband po"arizatiorbandpolarization with wave vecta ,— K is decreasing as
driving the TIFWM signal is validated. We have also exam-iha central laser frequency approachest+ wg/3. As has
ined the effect oﬂ'fi,lL,, on the time-resolved DFWM signal been discussed both theoreticatiand experimentally?—%’
(not shown. We find that the decay time and overall ampli- if one ignores the excitonic effects, then when a single laser
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DFWM signal. Thus, we have to be careful as to what we
plot if we are to assess the relative amplitudes of the intra-
band polarization. Therefore, in Fig. 4 we plérz"f)‘ evalu-
ated at the spatial location where the energy density of this
polarization is a maximum. Wher,;=0, this simply corre-
sponds to the positioR=0. In generaI,P'(':% contains an
oscillating portion and a quasi-dc component that initially
centers the polarization away froﬁ?’;‘;‘zo. As can be seen
in the figure, both the initial oscillation amplitude and the
- intra .
quasi-dc component olP(ZT) is largest foro,= w5, and
smallest forw.= wy+ wg/3. We also see that the quasi-dc
component changes sign as expected as one goesdfom
<wg t0 w> wg. Also, from Fig. 4d) we see that, although
the initial polarization amplitude is very small, it grows in
time. This is due to the rephasing of the different components
that occurs as a result of the different oscillation frequencies
arising from differences in the excitonic energy-level
spacings?®
Note that whernw.=w_, the BO frequency is consider-

ably higher than whew.=w ,,. This is due to the fact that
the excitonic WSL states have a larger energy separation
when x>0 than whenu<0, as has been discussed by
Lachaineet al'* From experimental resulfs,we would ex-
pect that this frequency change should also be reflected in
) o ) the intraband polarization. The THz radiation emitted due to
FIG. 4. The ca!culateq intraband pqlanzatlon with wave vectory, o Bloch-oscillating carriers can be determined by taking
K2—K; as afunction of time for zero time delay between the tWo o sacond time derivative of the intraband polarization.
pulses ,=0). .The polarization is plotted at the positiét=0 Hence, using the results in Figs. 2 and 4, we can compare the
(see text. The different plots correspond to central frequencies of .=~ - - : .
(@ wy=0_p () Oy=w 1, (©) wy=wg, (d) w=wo+wg/3, (& oscillation fr_equenmes_fo_und in TIFWM calculgtlons Wlth
wg=w. 1, (f) wo=w.,. The scale is the same for all plots, but the those found in THz emission. It can be seen by |n_spect|0n of
origin is shifted. Figs. 1, 2a), 2(f), 4(a), and 4f) that when well-defined BO
are present the two frequencies are essentially the same and
are given by the energy separation of the dominant excitonic
Q_eaks for the chosen excitation energy.

Another interesting feature appears when the system is
xcited near the breathing mode condition. In Fig&),2
(d), and Ze), we find that there is a local minimufdip) at
721=0, whereas for the other cases this is a global maximum
in the intensity. The appearance of this dip is reminiscent of
the dip that was experimentally observed for certain central
dgser frequencies in the TIFWM signals arising from coher-
ent excitation of light and heavy hole magnetoexcitons in

Intraband Polarization (arb. units)

pulse is applied that is centered @t= wq, the electronic
wave packet undergoes an exact breathing mode. When e
citonic effects are taken into accouiitthe wave packet no
longer undergoes a pure breathing motion, but has some dJ
polar component. It is found from calculations that the mo-
tion is closest to a breathing mode whep= wy+ wg/3.
When the laser is centered away frasp then, even when
only say theuth excitonic WSL state is excited, a dipole is
suddenly created by the pulse. This dipole is due to the su
den creation of an electron-hole pair that are separated Ulk GaAs* The origin for this is again the moving in and

gpproxmately,uq. NOW’ When.mtraband dephasing is 'gaken out of the breathing-mode condition. In Fig. 5 we plot the

into account, this dc dipole will decay. We thus call this the .o _intra

quasi-dc component to the intraband polarization. It will play!ntraband polarizationP ;; when w=wo+ wg/3 for 75,

an important role in the remainder of this section. It is found=0 and7;= * 75/2. As can be seen, both the amplitude and

that the quasi-dc component of the intraband polarization ighe quasi-dc component of th%'(“z"f)‘ are much larger when

nearly zero whenw.=wop+ wg/3—-the same laser fre- 7,,=+ r5/2 than whenr,;=0. This is because the delay of

quency for which the motion approaches a breathing modeéhe second pulse by half a BO period creates a wavepacket

(see Fig. 4 with a different phase relationship between the different ex-
To demonstrate the dependence of the intraband polarizaitonic states, such that the condition that lead to the breath-

tion on w¢, in Fig. 4 we plot the real part of intraband ing motion when7,;=0 no longer exists and a large-

polarization with wave numbeK,— K|, denoted b;P'(”Z%‘, amplitude intraband polarization with large dc component is

for 7,,=0. We note that there is also a spatially uniform created. We find that both the ac and quasi-dc components

component to the intraband polarization. However, as thigontribute to creating the dip in TRFWM; thus the TIFWM

does not affect the DFWM signals, we do not consider thissignal is generally large whenever t nzt% is large.

here. The intraband polarization is spatially dependent and it As far as we know, the appearance of the dip-at=0 in

is only the K,—K; Fourier component that drives the a BSSL has not been observed experimentally to date. The
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FIG. 5. The calculated intraband polarization with wave vector
K,—K, as a function of time for a central laser frequency at the ] ® =60
near breathing-mode conditian,= wy+ wg/3. The polarization is r c T+

plotted at the positiolR for which it is a maximum(see text The L
different plots correspond to different time delays between the two
pulses(@) 75,=— 75/2, (b) 75;=0, and(c) 7,;=+ 75/2. The scale tITB
and origin is the same for all plots.

FIG. 6. The calculated time-resolved DFWM intensity as a

s : : . function of time for zero time delay between the two pulses (
reason for this is likely that the effect is masked in experi —0). The different plots correspond to central frequenciesapf

ments by the_ contribu';ions of the un_bound excitonic statei)c:w pr (B) o= 1, (©) womwp, (0) wo=wot wg/3, (€) w,
that are not included in_our calculations. As has been de'=w+1, () we=w. . The scale is the same for all plots.
scribed in previous work¥; when the laser is centered well
below thex =0 excitonic state, very few unbound excitonic
states are created. However, whep=w, then relatively ~and negative whemy~=37g/2, and small again whem;;
large numbers of unbound excitons will be created, and the=7g. Thus, the double frequency is associated with the fact
wavepackets formed from these states will not exhibit ahat the quasi-dc component of the intraband polarization
breathing mode. To experimentally observe the dip in thegoes through two minima whemn,; runs over a timerg.
TIFWM signal exhibited in our calculations, you would have When we are far from the breathing mode conditjéiigs.
to remove the portions of the laser spectrum between the 1&a), 2(c), 4(a), and 4c)], the quasi-dc component of the
excitonic peaks. This is experimentally feasible, but has nointraband polarization is large enough that it never ap-
been done to date. proaches zero for any,;. This is why the double frequency
We also see that as the condition for a breathing mode is not observed when excitation is far from the breathing-
approached, the TIFWM signal exhibits a doubling of themode condition. As with the dip at,;=0, this effect would
oscillation frequency. Frequency doubling in the TIFWM be masked by the dynamics of the unbound excitons.
signal has been observed experimentillgt low electric To summarize the TIFWM results, we find that when the

fields, where it is seen to be the result of creating excitonigehavior of the intraband polarizatith't”z%‘ as a function of

wavepackets that have strong components f_rom eXCitO”i921 is known, one can understand essentially all features of
WSL states that are separated by roughdys2 with a very  {he TiFWM signals. Both the oscillating and quasi-dc parts

weak component from the state in between, e.g., the woul intra . L .
occur if only theu=—1,+1 states are part of the wave g_fth) _ﬁlaty afrole n deterrrélm_ng tlhe 'IjI;W:_\'/I peak |T:]en—
packet. Thi§ effgct, howe\_/er, it has not been observed for Fhélu};s?-sdccl aolgir; nrffz?nm ZP irsr:grc])?t:r%:; iﬁ d(gt\:avre}r:]/i?:in ethe
relatively high fields considered here, where the consecunvg earanlie of fre ueﬂc do):Jinr? 9
states are in principle optically createsee Fig. 1 The p?n Fig. 6 we rgsent);he calcu%;alted results for the time-
source of this double-frequency beating is essentially the 9. P

same as that for the dip: the intraband polarization is sensf—eSOIVed degenerate four wave mixiGRFWM) intensity

tive to the time delayr,;. We find in this case that it is for zero time delay £,,=0) as a function of time for differ-

. intra ent central laser frequencies. Again we find only a very small
largely the quasi-dc component 6)|!(21) that generates the difference between the results from the factored and unfac-

frequency doubling. We ﬁ”d?n?rgs_how') that_ when721=0, tored equations. The only significant difference is seen for
the quasi-dc component d? ;) is small; it is large and the case that is closest to a breathing mffig. 6d)], and
positive whenr,,=75/2, small again whenr,;= 75, large  even in this case the difference only occurs at times when the
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DFWM signal intensity is very low. The general effect of the that are created optically. In future work, however, we plan
time constants has been discussed earlier. to extend the basis used in the numerical calculations to in-

One interesting feature of the TRFWM results is the de-<clude excitons of higher in-plane excitation so as to extend
pendence of the time required for the signal to reach its glothe range of validity of the results. The other main simplifi-
bal maximum onw.. When the intraband polarization is cation employed in the calculations presented here is the
large [Figs. Ga), 6(b), 6(e), and &f)] the maximum is phenomenological treatment of dephasing. Due to the sim-
reached in a time of about 0.9 ps, which is approximatelyplification of the basis equations provided by the factoring
Tiner- This is in accord with the usual expectatidi©n the  approximation, it should be possible to incorporate electron-
other hand, when we are close to the breathing mode situghonon interactions in this calculation without undue com-
tion, the peak is only reached after about 1.5 ps. This delaputational complexity. We are also currently working to-
in reaching a maximum is due to the delay in the peaking ofvards this result.
the intraband polarization, which only peaks after about 1 ps
in this casgsee Fig. 4d)]. ACKNOWLEDGMENTS
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From the factored equation fQBL,ZKZ—K1>(3)’ you can see APPENDIX A: EXPRESSION FOR THE INTRA-

that even if the intraband polarization is essentially dc, you EXCITONIC COULOMB INTERACTION

will still get beating at roughly @5 that is comparable to the In this appendix, we show that in the expression for the
beating atwg in the TRFWM signal if three consecutive Coulomb interaction, we can replace the longitudinal intra-
(BL,,K2> are comparable in magnitude. From Fig. 1, you canband polarization by the full intraband polarization and ne-
see that this will only occur if. is close tow,. It will be glect the contribution of the longitudinal interband polariza-

particularly strong whem,=w . ; as is observed in the TR- tion. We also show that the long-wavelength portion of the

FWM signals. Thus, the fact that this oscillation at doubIeCOUlomb interaction does not contribute to the electron-hole
' interaction energy of a single exciton.

the frequency occurs in the TRFWM signal at nearly the ) , .
We take the dimensions of the superlattice tolexL,

samew,. as frequency doubling occurred in the TIFWM sig-
nal is essentially a coincidence. It would be possible to*Lz: WhereL,<<L,,L,. LetP_(R.t) be the form of the

choose exciting pulses such that the double frequency woull®n9 Wavelength portion of the polarization within the super-
appear forw.= w_, without having the double frequency in lattice. Outside of the superlattice the polarization is taken to

the TIFWM signal. We thus see that in contrast to thePe zero. Because the polarization inside the superlattice is
TIFWM signal, the temporal evolution of the TREWM sig- ge_ner_at.ed by the plane-wave pptlcal electric field, we can
nal responds largely to interband effects not intraband oned!rite it in the form (see Appendix B

K<Kpy

— iK-R
VI. CONCLUSION P<(R1)= EK: Pr(t)e™ . (AL)
In this work we have presented a new formalism for theThus, we can express the Fourier transform of the full polar-
calculation of DFWM and pump-probe signals in biasedization as
asymmetric quantum well systems. The formalism is based

on a excitonic approach with interexcitonic interactions 1 _

treated via the long-wavelength portion of the intraband po?(K,t)= —wf d*RP_(R,t)e 'R (A2)
larization. The dynamical equations we have developed can (2m)

be simplified by a factorization scheme that does not lead to K<Ky

the well-known problem of neglecting the important intraex- _ : _

citonic electron-hole correlations. This factorization is very _(277)3/2 2 P(Osind (k=K Lyf2]

accurate wherr,;>0, and thus opens the door to the possi-

bility of treating complicated systems to even higher order xsind (ky—Ky)Ly/2]sind (k,—K,)L /2],  (A3)

without running into extreme computational difficulties or
computational time limitations. We have applied this formal-
ism to the calculation of the intraband and DFWM signals
from a biased semiconductor superlattice, and find in particu-
lar that the TIFWM signal is largely determined by the be- k
havior of the intraband polarization. Pk =1
The numerical results presented here were obtained in-
cluding only the b excitonic states. This is sufficient for where k=|k|. As is shown in Appendix B, the excitonic
many excitation conditions, where it is largel\s £xcitons  polarization can be broken into two parts: an intraband por-

where sin ck)=sin(x)/x. From this, we see thaP(k,t) is
only appreciable ifk,—K;|<2#/L; fori=1,2,3.
The longitudinal portion of the polarization is given by

k-P(k,t)

" (A%)
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tion and an interband portion. We denote thes@E&'f’\(R,t) ' KK'<Ky _—

and P™®(R,t), respectively. Let us consider the intraband v:ggg:m > PEﬁ’f‘Kz(t).PEHr’aK,(t)
polarization first. As discussed in Appendix B, due to the KK ‘

symmetry in thex-y plane, this only has a component.

Thus, our expression for the longitudinal intraband polariza- Xf dk,sind (k,— K,)L,/2]sind (k,— K.)L,/2]
tion is simply

1 . :
| Kk, _. =5 f d°R PZ(R,1) - PE(R,1). (A9)
,P|||ntra(k7t): _ZZertra(k,t)_ (A5) €
k That is, we can replace the longitudinal portion of the intra-

band polarization by the total polarization. This is the ke
The contribution of this polarization to the Coulomb energy aquit %f th(lazfirlst pa?/t of this apgendlif( I S y

IS Next let us consider the interband contributionMg,.

As can be seen from E¢2.15), the interband polarization is
Vintra:if d3k|7)intra(k E parallel to the bulk interband dipole vector math4°. In
long™ 2¢ U GaAs grown in the(100) direction, this vector has no
z-component for heavy-hole excitons. Thus we have for the

1 KK <Ky - i 1 longitudinal component of the interband polarization
T KK’
‘ . kky .
,P‘l‘nter(k,t): k_zupmter(k’t)' (AlO)

2
x 1 f d3kgsin d (ki —K;)Li/2]
i k? wherek is in the direction ofM? in the x-y plane. In the
limit that L, ,L, become very large, there is only a significant
contribution if k,=K, andk,=K, . Hence, similar to what
we found above, we see that

XSinqt(ki_Ki,)Li/ZJ. (AG)

In the limit thatL,,L, become very large we obtain

K,K' <Ky _
K,K'<Kpm yinter_ _—__ E pinter (t)_Plnter* (t)—
. ) intrak long Ky K, Ky ,K!

ViR GmeR 2, PR PV 2TA Kk eze
K, <

K2 ><J dk,———sin d (k,— K,)L,/2]

xfdkzﬁsinc[(kz—Kz)LZ/Z] “(KE+K2) Lo
(KE+K2) _
xsind (k,— K.)L,/2]. (A11)

xsind (k,—K,)L,/2]. (A7) o . L .
In principle, we could use this expression in our Hamil-

tonian. However, in the experiments under consideration, the

'tr|1n the actua_l ?r']: V\GMﬁ experm;)er;\';\'ls of |tr\1ht/erestt,_ tITe 'f] ¢ optical beams are nearly parallel to thaxis, and hence they
either zero, or is the difference between two optical photory, - a very smak . One can show that

momenta. Hence in the usual geometry where both beams

only make a small angle with the axis (surface normal KK/ <Ky
K|<2#/\. Also, if the two optical beams make the same yinter— _— 2 KL _pinter (t)_pimef*,(t)_
angle with thez axis thenK,=0; thus, in general, we have long = 25V I=27K) K, Ki oK,

thatK,<2m/\. As an example, consider a superlattice of 30 ’ inter -

periods of approximately 7 nm each. Even for this largeBecauseK L, <1, we see thaVy,, is very small. In fact,

structure, L,~2x10 ' m and sinceA=800 nm, KL,/2  €ven without this argument, we know that the interband di-

<1. In most AQWS's, such as CDQW4,, will not be  Pole contributed by an exciton is on the ordereaf wherea

nearly so large, and so for a general AQWS, we can write IS the lattice constant of GaAs, whereas the intraband contri-
bution of an exciton is on the order efl. Thus the intraband

K2 contribution toV,,q will generally be much larger than the
dk.——2 sind (ko— K. L./21sind (kK.— K. L./2 interband contribution, and in the case of heavy-hole exci-
f Z(Kﬁ+ k2) dlk=K L 2lsind (ke K;)LA/2] tons, as we see above it will be negligible. Finally, because

the intraband and interband polarizations are orthog@oal
:2_77 (A8) heavy-hole excitonsthere are no interband-intraband cross
L,’ terms inV,y,4. Thus we obtain our final result for the long-
wavelength portion of the Coulomb potential
The error in this last expression is easily seen to be less than .
7K. As stated above, this is much less that/R, and so is _ 35 pintr intr
negHIigibIe. Thus, we see that we can write V'O”Q_ZJ FRPIARY-PIARY.  (A12)
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We now consider the issue of whethéy,,q would con-

tribute to the interaction energy of a single exciton. In our

derivation of the Hamiltonian, we replacét,,; by the full
Vou In the single exciton Hamiltoniakl$*. If this is justi-
fied, then we must show thaf,,, does not contribute to the

PHYSICAL REVIEW B 67, 035329 (2003

with

energy of an individual exciton, as so can be safely added

back into toVg,, Without error. The long-wavelength con-
tribution to Coulomb interaction in the Hamiltonian is given

by

K<Km
- intra_ pintra
Vlong 2¢ ; P_K PK . (A13)
Thus we have
1
Vlong: 2 G,u,,u’ . GM!I‘MIH
28V K’,K”<KM ;U-vl’«’wu"u“m
t t
XB, kBurkr—kB kB krik - (A14)
The state of a single exciton is given simply by
¥, o)=B! 5/0). (A15)

Thus, if we take the expectation value Bf,, for a single
exciton, we obtain

<\PV,Q|VI0ng|\PV,Q>: HGV,V.GV,V' (AlG)
Now, theG, , are given approximately by
G, ,=—edy, (A17)

where herevd gives the average electron-hole separation in

the exciton in the direction. Thus, as long asis finite then

in the limit that the volume becomes infinite, the expectation

value ofV,y,q Will be zero. If vd is comparable to the largest

dimension of the superlattice, then the expectation value wil
not go to zero. However, no excitons with such large
d

electron-hole separations will be optically generated, an
those that have scattered into such states will no longer co
tribute to the DFWM signal. The excitons that are generate
will have electron-hole separations that are no more than s
400 A (3ap). The lateral size of the beam is about 50 mi-
crons. Thus ¢d)?/A will be on the order of 10°, and as-

suming a superlattice that is 50 periods, this gives a value of

the expectation value of about 19eV. Using similar argu-

l://(f):bZI:( Ap kPpk(r), (B2
where
e'kel 1|
Yok, (1) = Tdiez(zwc(r) (B3)
and
ek T
by i, (1) = Td)ﬁhz(zwv(r) (B4)

are the full wave functions for conduction and valence band
electrons in the superlattice, respectively, whegér) and
u,(r) are the periodic portion of the bulk wave functions at
zone center. The operatay , annihilates an electron in band

b with wave vectork, while z}(r) annihilates an electron at
r. In the usual way, the polarization operator can be written
as

P(r)=—e> afay ¥ (D e (r)

K,k

+e, ﬁikfﬂ—k‘//:,k(r)“/fu,k/(r)

k,k’

—e> alBl v (DT, (n)

k,k’

—e, B ¥ (DT (1)

k,k’

—e; B (DT, (1), (B5)

lwhere al=al k, creates an electron in the CB am ,
a,  creates a hole in the VB. The the last term of E8p)

is an arbitrary constant which will be omitted from here on,

%'s it does not affect the dynamics.

The transformations between the electron and hole opera-
rs and the electron-hole operata%e’kh are given by Haw-

ton and Nelsorf®

ments, it is easy to show that there is negligible contribution

to the exciton energy at the level of second order perturba-

tion theory as well. Thus, it is justified to include the full
Voul IN the single-exciton Hamiltonian in place 9.

APPENDIX B: INTRABAND AND INTERBAND
POLARIZATION

In this Appendix, we consider the calculation of the po-
larization. In the dipole approximation the second quantized

polarization operator is

P(r)=—ey (ry(r), (BY)

BY, k,= i B, » (B6)
Cl’lak/ZKE Bl,kth',kh’ (B?)
h
and
Bllgk’:; BY, «Bi, k' (B8)
e

WhereBle'kh creates an electron-hole pair where the electron

(hole) has wave vectok, (ky). Thus, in terms of these pair
operators the polarization becomes
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_ T
P(r)= —ekeZKh B i, Yok (DT, (1)
_ *
ekg(h By k¥ —k, (DT e (1)

—e 2 Bl i Brl kWi (NN ei(r)

Ke ki K.
+e X Bk kthe,kr’]w:’,k'(r)r'pu,fkh(r)-
ke kn Kp, h
(B9)

Finally, we move to the true exciton operatcﬁigK through
the relations

B;,K:; Bl (B10)
and the inverse transformation
2 (e K)* Bk (B11)

whereBL‘K creates an exciton with envelope function

{I"M’,K(r;R):\I,,u,,K(re;rh)

=2 "

elke| Te| elKn| T

T Pl ),

(B12)

where w’k"K are the expansion coefficienth{)ﬁez(ze)
[d)ﬁhz(zh)] is the conduction-bandvalence-banyd electron
envelope function for the superlattice in taalirection, K

=ketk, is the center-of-mass wave vector of the exciton
«— McK,)/M is the relative electron-hole wave
vector, whereM =m¢+ m,,. We can also define the electron

andk=(muk

hole separation coordinate=r,—

ordinatesR=(mgr+myry)/M. Using this transformation,
we obtain the following expression for the polarization op-

erator

P(N=-e> > yi
bk

X“//v,*th’+k(r)
—e>, X Y

®okK!

XT e,y ir+k(T)

wketkE  wlkitky gt
—eX X et gt e B

YhKe™ YeK k! —yok
! kerkh»ké h%e  7e*h  YhKg™ YeKnp

X B;u,ké+kh¢:,ke(f)flﬂc,ké(r)

wK %t *
B.. K"/’c,yeK'+k(r)

MK'lpv ~ K’+k(r)

PHYSICAL REVIEW B 67, 035329 (2003

K.+ k* " Kotk
+eE E w#v eTKp lﬂlu e’ “h BT

Yhke™ Yekn " ypke— vok!  HKetkn
o' Kok ki he TEN YhfemVelh TTE

X Bt ki Uy i (DT80, 16, (1) (B13)

TheKth Fourier component of the polarization operator is
thus defined as

P =1f d3rP(r)e " (B14)
K Vv .

Thus the polarization in the long-wavelength limit is given
simply by

K<Kpy

P_(R)= ; PR (B15)

where the sum is restricted to include oklythat correspond
to long wavelengths|K|<|Ky|). The Fourier components
of the polarization can be written as the sum of the interband
and intraband polarizations

Py = Ple’ pita, (B16)

where

. e ’
inter_ wK %t
Pim=-y > " "Bk
®ooKk,K'

3% —iK-
Xf A (L AR N (L

——EEw

®ok,K!

3, ..% —iK-
Xf drby k(DT y e cir)e™ ™!

(B17)
r, and center-of-mass co- is the interband portion of the polarization and
|ntra ", ke+kﬁ ,u’,ké+kh BT
E 2 " ¢7hke_ yekhw'}’hké*%kh ket Ky

//-M Ke .Kp K
3 —iK-
XBM’,kéJrkhf A reic i (Fe)lethe i (re)e e

* " ket ki
+—E D ’r//l’«ke"'kh HoKet Ry ot

YnKe— vek Ko— yok! MKty
Mﬂkkhkh h™e e*h YhKe™ YeKp

XBour kgt

Xf dgrhlﬁ:,_ké(rh)rh%,—kh(rh)e_m'r“ (B19)

is the intraband portion.
The Fourier components of the interband polarization
may be written in the form
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A 1 x .
P:Qter 2 MMK/ MK/ v 2 M/.L,K’:B/LvK,’ P:?tra: 2 E B}LK, ,’K”
;UuK’ /’«/”, K’ KH
(B19
where the interband dipole matrix element is given by Xf dPred®r W7 o (restn)|Uc(re)|?|u, (rn)?
—iKre_ —iK-r .
MMK’ 92 lﬂ”K . X[ree e—rhe MW, ki(re;rn).  (B29)
Using standard methods, we can rewrite this as
xj d3r¢:‘yeK,+k(r)rzpv,th,_k(r)e“K'r. pinva_ _ 2 D B,LKrB »
I K K//
(B20)
Using standard methods of envelope function theory, is it Xf d3rhd3fh97iK'R‘1’;K/(fe:rh)

straight forward to show that this can be written as _ _
X[(ynl +R)e M — (= yor +R)e K 7e']

MK =5 ,M B21
mK KK (B21 XW 0 n(FeiTh). (B30)
where This is a general result. However, if we are only considering
bound excitons, then the integrand in the above expression
MKEMOAJ dz¥* (0,02;,0,02) (B22) will be negligible ynlessjr|sao, wherea, is the exciton
" o Bohr radius. For higher bound states the exciton may extend

over many Bohr radii, but regardless, they will generally

andMy is the bulk dipole interband matrix element, deflnedSatisfy the inequality - r<1 for the long-wavelength wave

by vectors that we are considering. Thus, for bound excitons, we
i obtain
i71pg,
0= , (B23)
gagMo pintra. _ E D B#K,B e
where M,,u K’ K"
1 de3r d3rpe KRE* (rair ) r W kn(Failp).
o= | Pruzepu . (824 e T e et W golTeitn)
(B31)
Now, the excitonic envelop function can be written as Using Eq.(B25) for the exciton envelope function, we finally
i obtain
e'KIR|
‘I’M,K(feﬂn):TX#,KZ(TH;Z,Z)- (B25)

Pi?tra 2 G/_L,LL 2, BI-L K’B " K+K' (832)
Using this we can write the exciton dipole matrix element as
where

K_ —_N- _
MM_MO\/KJ dZx} k (r=0:2,z=0).  (B26) Guu ——ef d*rdZx} 12,2 X o1):2,2)

We note that in practice, the dependencd&/lé)j onkK is very (B33)
weak and in fact, in the bulk case it is independenKoWe  and theK, dependence in tth,KZ(rH ;Z,z) have been ne-
therefore neglect this dependence in actual calculationgjlected in the same way that one neglects the wave vector

Thus, the interband polarization is finally given by dependence in theiS(r) in standard envelope function
theory. This result can also be extended to unbound excitons.
i In this case, it is easily seen that then we obtain the same
PR'=> [M,Bl (+M*B,«] (B27) y

expression foPiQ”a except that the intraband matrix element
is dependent oK and has a more complicated form than
Now, we turn our attention to the intraband portion of thegiven by Eq.(B33). Thus the general form for the intraband

polarization. Using the relation polarization for both bound and unbound excitons is
5k,k,=f d%r g 1o (1) (1) (B28) pita= — 2’ G 2 BMK, wkikr - (B34
for b=v or b=c, this becomes We finally note that if we are only considering optically ex-
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cited bound excitonic states, then all of the states being corwill only be nonzero if there is an applied electric field to

sidered will haves symmetry in the transverse direction.
Thus, for such states, only tzecomponent ofG,, ,» (which
we denote byG,, ,, for simplicity) can be nonzero, and this

break the symmetry in thedirection. If we are considering
states with other symmetries, however, then in general all
components o5, ,» may be nonzero.
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